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Abstract
Recently, it has been suggested that Hawking radiation can be derived from quantum tunnelling
methods. In this letter, we calculated Hawking temperature of dilatonic black holes from tunnelling
formalism. The two semi-classical methods adopted here are: the null-geodesic method proposed
by Parikh and Wilczek and the Hamilton-Jacobi method propsed by Angheben et al. We apply
the two methods to anylysis the Hawking temperature of the static spherical symmetric dilatonic
black hole, the rotating Kaluza-Klein black hole, and the rotating Kerr-Sen black hole.
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I. INTRODUCTION
S. W. Hawking[1] have been able to derive that black hole can radiate from the event
horizon like a black body at the temperature T = κ
2pi
using the method of quantum field
theory in curved spacetime. Rencent proposal of deriving the Hawking temperature via the
semi-classical methods have been attracted a lot of interests [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. The complex path method[2, 3] was
first proposed by K. Srinivasan and T. Padmanabhan, and subsequently developed by many
authors [4, 5, 6, 7, 8, 9]. The developed method is called Hamilton-Jacobi method in which
the Hawking temperature was obtained from calculating the imaginary part of classical
action toward Hamilton-Jacobi equation. Another method called null-geodesic method was
propsed by M. K. Parikh and F. Wilczek in [10]. There have been considerable efforts
to generalize this method to those of various black hole solutions. In this letter, we will
apply the two method mentioned above to analysis the Hawking temperature of dilatonic
black hole. Our prime motivation is to understand the applicability of the two methods
to dilaton black holes in string theory. The Hawking radiation of three kinds of black
holes investigated in this letter have been studied in [27] using the gravitational anomaly
cancellation mechanism firstly proposed in [28]. The discussion of thermodynamics of some
black holes in dilaton gravity can be found in [29, 30]. Let us begin with the spherical
symmetric dilaton black hole.
II. HAWKING TEMPERATURE OF SPHERICAL SYMMETRIC DILATON
BLACK HOLE
The action for the dilaton gravity describing the dilaton field coupled to the U(1) gauge
field in (3 + 1) dimensional is subject to the form
S =
1
16pi
∫
dx4
√−g[R− 2∇µφ∇µφ
−e−2αφFµνF µν
]
, (1)
where φ is dilaton field and Fµν = 2∇[µAν] is the U(1) gauge field respectively, with an
arbitrary coupling constant α. From the action, the static spherically symmetric solution of
2
motion equation for the underlying theory can be written as[31]
ds2 = − ∆
R2
dt2 +
R2
∆
dr2 +R2(dθ2 + sin2θdϕ2) , (2)
φ =
α
1 + α2
ln
(
1− r−
r
)
, (3)
F =
Q
r2
dt ∧ dr , (4)
where
∆ = (r − r+)(r − r−) , R = r
(
1− r−
r
)α/(1+α2)
.
in which the outer and inner horizons are respectively given by
r± =
1 + α2
1± α2
[
M ±
√
M2 − (1− α2)Q2] . (5)
After performing the conformal transformation g˜µν = e
−2αφgµν , the line element becomes
the general spherical symmetric form
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2(dθ2 + sin2θdϕ2) , (6)
where
f(r) =
∆
R2
e−2αφ , g(r) =
∆
R2
e2αφ . (7)
Now, we focus on investigating Hawking temperature of the dilatonic black hole from quan-
tum tunnelling process. It should be noted that the conformal transformation does not affect
the final result as shown in the following analysis. To apply the null-geodesics method, it
is necessary to choose coordinates which are not singular at the horizon. This new coordi-
nate has been systematically studied by Maulik K. Parikh in [32]. Introduce the coordinate
transformation
dt = dT − Λ(r)dr , (8)
where the function Λ is required to depend only on r not t. Then the line element becomes
ds2 = −f(r)dT 2 +
( 1
g(r)
− f(r)Λ(r)
)
dr2
+2f(r)Λ(r)dTdr+ r2dΩ2 . (9)
Restrict the condition
1
g(r)
− f(r)Λ(r) = 1 . (10)
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One can obtain the line element in new coordinate
ds2 = −f(r)dT 2 + 2
√
f(r)(1− g(r))
g(r)
dTdr
+dr2 + r2dΩ2 . (11)
This coordinate system has a number of interesting features. At any fixed time the spatial
geometry is flat. At any fixed radius the boundary geometry is the same as that of the
original metric.
The radial null geodesics for this metric is given by
r˙ =
√
f(r)
g(r)
(± 1−√1− g(r)) . (12)
The imaginary part of the classical action for an outgoing positive energy particle is
ImS = Im
∫ rout
rin
prdr = Im
∫ rout
rin
∫ pr
0
dp′rdr . (13)
where rin and rout are the initial and final radii of the black hole, respectively. Assume that
the emitted energy ω′ ≪ M . According to energy conservation, the energy of background
spacetime M becomes M − ω′. From Hamilton equation r˙ = dH
dpr
|r, the integral can be
rewritten as
ImS = Im
∫ rout
rin
∫ M−ω
M
dr
r˙
dH , (14)
where dH = −dω′ because H =M − ω′. In order to find the Hawking temperature, we can
perform a series expansion in ω. The first order gives
ImS = Im
∫ rout
rin
∫ M−ω
M
dr
r˙(r,M − ω′)(−dω
′)
= −ωIm
∫ rout
rin
dr
r˙(r,M)
+O(ω2)
≃ ωIm
∫ rin
rout
dr
r˙(r,M)
. (15)
To proceed further we will need to estimate the last integral which can be done by deforming
the contour. There is a simple pole at the horizon with a residue 2√
f ′(r+)g′(r+)
. Hence the
imaginary part of the action will be
ImS =
2piω√
f ′(r+)g′(r+)
. (16)
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Using the WKB approximation the tunneling probability for the classically forbidden tra-
jectory is given by
Γ = exp(−2ImS) . (17)
Hartle and Hawking in [33] obtained particle production in the standard black-hole space-
times using a semiclassical analysis. The tunneling probability can also be written as
Γ = exp(−βω) , (18)
where ω is the energy of the particles and β−1 is the Hawking temperature. The higher order
terms are a self-interaction effect. For calculating the Hawking temperature, expansion to
linear order is all that is required. Comparing the above equation, the hawking temperature
is given by
TH = β
−1 =
√
f ′(r+)g′(r+)
4pi
. (19)
It should be noted that the Hawking temperature is depend on the product of f ′(r) and
g′(r) which is independent of the conformal transformation. Due to the same reason, it is
shown that the Hawking temperature obtained from the Hamilton-Jacobi method is also
independent of the conformal transformation. The tunneling method we applied to the
spherical symmetric dilaton black hole is not affected by the conformal transformation. For
the static spherically symmetric dilatonic black hole in our case, this gives the hawking
temperature
TH =
1
4pir+
(1− r−
r+
)(1−α
2)/(1+α2) . (20)
We now turn to the Hamilton-Jacobi method. Consider a massive scalar field in the static
spherically symmetric dilatonic black hole spacetime satisfying Klein-Gordon equation
gµν∇µ∇νΦ−m2Φ = 0 . (21)
By performing the WKB approximation, i.e., expanding the field function as
Φ = exp(− i
~
S + · · · ) , (22)
one can obtain Hamilton-Jacobi equation
gµν∂µS∂νS +m
2 = 0 . (23)
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where S is the classical action. For the metric of the form
ds2 = −f(r)dt2 + 1
g(r)
dr2 + hijdx
idxj , (24)
where hijdx
idxj = r2dΩ2 in the case of the static spherically symmetric dilatonic black hole
spacetime. The Hamilton-Jacobi equation becomes
− (∂tS)
2
f(r)
+ g(r)(∂rS)
2 + hij∂iS∂jS +m
2 = 0 . (25)
One can use separation of variables to write the solution of the form
S = −Et +W (r) + J(xi) . (26)
As a consequence, one get
∂tS = −E , ∂rS =W ′(r) , ∂iS = Ji , (27)
where the Jis are constants. W (r) can be solved
W (r) =
∫
dr√
f(r)g(r)
√
E2 − f(r)(m2 + hijJiJj) . (28)
Following [6], we can select the proper spatial distant
dσ2 =
dr2
g(r)
, (29)
where we are only concerned with the radial rays as the null-geodesic method. Performing
the near horizon approximation
f(r) = f ′(r+)(r − r+) + · · · ,
g(r) = g′(r+)(r − r+) + · · · . (30)
we find
σ =
∫
dr√
g(r)
≃ 2
√
r − r+√
g′(r+)
. (31)
The imaginary part of the classical action is
ImW (σ) = Im
2√
g′(r+)f ′(r+)
∫
dσ
σ
×
√
E2 − σ
2
4
g′(r+)f ′(r+)(m2 + hijJiJj)
=
2piE√
g′(r+)f ′(r+)
. (32)
So the imaginary part of classical action calculated by the Hamilton-Jacobi method is the
same as the previous result from the null geodesics method. Now, we will turn to the rotating
dilatonic black hole.
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III. HAWKING TEMPERATURE OF KALUZA-KLEIN DILATON BLACK HOLE
The Kaluza-Klein black hole is an exact solution of the dilatonic action with the coupling
constant α =
√
3. It is derived by a dimensional reduction of the boosted five-dimensional
Kerr solution to four dimensions. The metric is given by[34, 35]
ds2 = −f(r, θ)dt2 + 1
g(r, θ)
dr2 − 2H(r, θ)dtdϕ
+K(r, θ)dϕ2 + Σ(r, θ)dθ2 ,
f(r, θ) =
∆− a2sin2θ
BΣ
,
g(r, θ) =
∆
BΣ
,
H(r, θ) = asin2θ
Z
B
√
1− ν2
K(r, θ) = B(r2 + a2) + a2sin2θ
Z
B
,
Σ(r, θ) = r2 + a2cos2θ , (33)
where
∆ = r2 − 2µr + a2 ,
Z =
2µr
Σ
,
B =
√
1 +
ν2Z
1− ν2 . (34)
The dilaton field and gauge potential are respectively
φ = −
√
3
2
lnB ,
At =
νZ
2(1− ν2)B2 ,
Aϕ = − aνZsin
2θ
1
√
1− ν2B2 . (35)
The physical mass M , the charge Q, and the angular momentum J are expressed by the
boost parameter ν, mass parameter µ, and specific angular momentum a, as
M = µ
[
1 +
ν2
2(1− ν2)
]
,
Q =
µν
1− ν2 ,
J =
µa√
1− ν2 . (36)
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The outer and inner horizons are respectively given by
r± = µ±
√
µ2 − a2 . (37)
The metric can be written as
ds2 = −F (r, θ)dt2 + 1
g(r, θ)
dr2
+K(r, θ)
(
dϕ− H(r, θ)
K(r, θ)
dt
)2
+ Σ(r, θ)dθ2 , (38)
where
F (r, θ) = f(r, θ) +
H2(r, θ)
K(r, θ)
=
∆[(1− ν2)Σ + 2µν2r]
B[(1− ν2)Σ∆ + 2µr(r2 + a2)] . (39)
At the horizon, one have
H(r+, θ)
K(r+, θ)
=
a
√
1− ν2
r2+ + a
2
= ΩH . (40)
Because the metric depends on the angle θ, we will apply the method developed in [22, 23]
to continue. We will first fix the angle θ, and then show that the final result is independent
of the angle θ. The metric near the horizon for fixed θ = θ0 is
ds2 = −Fr(r+, θ0)(r − r+)dt2 + dr
2
gr(r+, θ0)(r − r+)
+K(r+, θ0)dχ
2 , (41)
where Fr(r, θ) denotes the partial differential of F (r, θ), gr(r, θ) denotes the partial differen-
tial of g(r, θ), and dχ = dϕ−ΩHdt is new coordinate parameter. This metric is well behaved
for all θ0 and is of the same form as the spherical symmetric metric (6) in the last section.
To see this point more clearly, one can use the drag coordinate like this
dϕ
dt
= ΩH , (42)
which just means dχ = 0. Then, the metric can further reduce to the form
ds2 = −Fr(r+, θ0)(r − r+)dt2 + dr
2
gr(r+, θ0)(r − r+) . (43)
According to the procedure in the last section, one can easily obtain the final result bying
considering the massive particle escaping from the horizon
TH =
√
Fr(r+, θ0)gr(r+, θ0)
4pi
. (44)
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Direct calculation for Fr(r+, θ0) and gr(r+, θ0) gives
Fr(r+, θ0) =
√
1− ν2∆r(r+)
4µ2r2+
√
Σ(r+, θ0)
×
√
(1− ν2)Σ(r+, θ0) + 2µν2r+ ,
gr(r+, θ0) =
∆r(r+)√
Σ(r+, θ0)
× 1√
(1− ν2)Σ(r+, θ0) + 2µν2r+
. (45)
Although Fr(r+, θ0) and gr(r+, θ0) each depend on θ0, their product gives the Hawking
temperature
TH =
1
2pi
√
1− ν2
√
µ2 − a2
(r2+ + a
2)
. (46)
which is independent of θ0.
Now, we turn to the Hamilton-Jacob method to calculate the Hawking temperature.
According to metric (41), the action can be assumed to of the form
I = −Et + Jϕ+W (r, θ0) . (47)
In terms of the relation χ(r+) = ϕ− ΩHt, the classical action can be written as
I = −(E − ΩHJ)t+ Jχ +W (r, θ0) . (48)
It is easy to obtain the imaginary part of action. In fact, the similarity between the metric
in this section and the metric in the last section reminds us that one can just replace E with
(E − ΩHJ) to obtain the imaginary part of classical action. The result is given by
ImW (r, θ0) =
2pi(E − ΩHJ)√
Fr(r+, θ0)gr(r+, θ0)
. (49)
This in turn gives the same temperature
TH =
1
2pi
√
1− ν2
√
µ2 − a2
(r2+ + a
2)
. (50)
The two methods used in this letter are also valid to the rotating Kaluza-Klein black hole.
Now, we wll turn to a more general case to analysis this validity.
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IV. HAWKING TEMPERATURE OF KERR-SEN DILATON BLACK HOLE
The Kerr-Sen black hole[36] is a solution to the low-energy effective action in heterotic
string theory. The action is
S =
1
16pi
∫
d4x
√−g[R − 2∇µφ∇µφ
−e−2φFµνF µν − 1
12
e−4φH2] . (51)
where H is the three-form axion field and the coupling constant α = 1. Sen adopted the
solution generating technique to obtain a new solution from the uncharged Kerr solution.
The metric is given by
ds2 = −f(r, θ)dt2 + 1
g(r, θ)
dr2 − 2H(r, θ)dtdϕ
+K(r, θ)dϕ2 + Σ(r, θ)dθ2 ,
f(r, θ) =
∆− a2sin2θ
Σ
,
g(r, θ) =
∆
Σ
,
H(r, θ) =
2µracosh2βsin2θ
Σ
K(r, θ) =
Λsin2θ
Σ
,
Σ(r, θ) = r2 + a2cos2θ + 2µrsinh2β , (52)
where
∆ = r2 − 2µr + a2 ,
Λ = (r2 + a2)(r2 + a2cos2θ) + 2µra2sin2θ
+4µr(r2 + a2)sinh2β + 4µ2r2sinh4β . (53)
The dilaton field, axion field, and gauge potential are respectively given by
φ =
1
2
ln
Σ
r2 + a2cos2θ
,
Btϕ = 2asin
2θ
µrsinh2β
Σ
,
At =
µrsinh2β√
2Σ
,
Aϕ =
aµrsinh2βsin2θ√
2Σ
. (54)
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The mass M , the charge Q, and the angular momentum J are given as
M =
µ
2
(1 + cosh2β) ,
Q =
µ√
2
sinh22β ,
J =Ma . (55)
The outer and inner horizons is determined as
r± = µ±
√
µ2 − a2 . (56)
As discussed in last section, the metric can be written in the form (37). Now, the function
F (r, θ) is given by
F (r, θ) =
∆Σ
Λ
. (57)
The angular velocity is
ΩH =
H(r+, θ)
K(r, θ)
=
a
(r2+ + a
2)
1
cosh2β
. (58)
As shown in the last section, the same procedure of applying the two methods in this black
hole solution will give the same final result
TH =
√
Fr(r+, θ0)gr(r+, θ0)
4pi
. (59)
Direct calculation for Fr(r+, θ0) and gr(r+, θ0) gives
Fr(r+, θ0) =
∆r(r+)(2µr+cosh
2β − a2sin2θ0)
4µ2r2+cosh
4β
,
gr(r+, θ0) =
∆r(r+)
2µr+cosh
2β − a2sin2θ0
. (60)
Although Fr(r+, θ0) and gr(r+, θ0) each depend on θ0, their product gives the Hawking
temperature
TH =
1
2pi
√
µ2 − a2
(r2+ + a
2)cosh2β
. (61)
which is independent of θ0. In this section, we see that the null geodesics method and the
Hamilton-Jacobi method are also valid to the rotating Kerr-Sen dilaton black hole solution.
V. CONCLUSION
In this letter, we have succeeded in extending the semi-classical methods to calculate the
Hawking temperature of dilatonic black holes in string theory. The results is consistent with
the underlying unitary theory.
11
Acknowledgement
The author Ran Li thanks Dr. Tao Zhu for helpful discussions.
[1] S.W. Hawking, Commun. Math. Phys. 43(1975)199.
[2] K. Srinivasan and T. Padmanabhan, Phys. Rev.D60(1999)024007.
[3] S. Shankaranarayanan, T. Padmanabhan , K. Srinivasan, Class. Quant. Grav. 19(2002)2671.
[4] M. Angheben, M. Nadalini, L. Vanzo and S. Zerbini, JHEP 0505(2005)014.
[5] M. Nadalini, L. Vanzo and S. Zerbini, J. Physics A Math. Gen. 39(2006)6601.
[6] M. Arzano, A.J.M. Medved, E.C. Vagenas, JHEP 0509(2005)037.
[7] E. C. Vagenas, Phys.Lett. B503(2001)399.
[8] E. C. Vagenas, Phys.Lett. B533(2002)302.
[9] E. C. Vagenas, Nuovo Cim. B117(2002)899.
[10] M.K. Parikh and F. Wilczek, Phys. Rev. Lett. 85(2000)5042.
[11] A.J.M. Medved, Class.Quant.Grav. 19(2002)589.
[12] A.J.M. Medved, Phys.Rev. D66 (2002) 124009.
[13] Qing-Quan Jiang and Shuang-Qing Wu, Phys.Lett. B635(2006)151.
[14] Qing-Quan Jiang, Shuang-Qing Wu and Xu Cai, Phys. Rev. D73(2006)064003.
[15] Shuang-Qing Wu and Qing-Quan Jiang, JHEP 0603(2006)079.
[16] Hui-Ling Li, Shu-Zheng Yang, Qing-Quan Jiang and De-Jiang Qi, Phys. Lett. B641(2006)139.
[17] Wenbiao Liu, Phys. Lett. B634(2006)541.
[18] Jingyi Zhang and Zheng Zhao, Phys. Lett. B 618(2005)14.
[19] Jingyi Zhang and Zheng Zhao, JHEP 0510(2005)055.
[20] Jingyi Zhang and Zheng Zhao, Phys.Lett. B638(2006)110.
[21] Cheng-Zhou Liu, Jing-Yi Zhang and Zheng Zhao, Phys. Lett. B 639(2006)670.
[22] R. Kerner and R. B. Mann, Phys. Rev. D73(2006)104010.
[23] R. Kerner and R. B. Mann, Phys. Rev. D75(2007)084022.
[24] E. T. Akhmedov, V. Akhmedova and D. Singleton, Phys.Lett. B642(2006)124;
[25] P. Mitra, Phys. Lett. B 648(2007)240.
[26] FuJun Wang, YuanXing Gui and ChunRui Ma, Phys. Lett. B 650(2007)317.
12
[27] Qing-Quan Jiang, Shuang-Qing Wu, and Xu Cai,Phys. Rev.D 75(2007)064029.
[28] S. P. Robinson and F.Wilczek, Phys. Rev. Lett. 95(2005)011303.
[29] D. Astefanesei, K. Goldstein, and S. Mahapatra, hep-th/0611140.
[30] D. Astefanesei, K. Goldstein, R. P. Jena, Ashoke Sen and Sandip P. Trivedi, JHEP
0610(2006)058.
[31] D. Garfinkle, G. T. Horowitz, and A. Strominger, Phys. Rev. D43(1991)3140.
[32] Maulik K. Parikh, Phys. Lett. B 546(2002)189.
[33] J. B. Hartle and S. W. Hawking Phys. Rev. D13(1976)2188.
[34] G. W. Gibbons and D. L. Wiltshire, Ann. Phys. (N.Y.) 167(1986)201.
[35] J. I. Koga and K. I. Maeda, Phys. Rev. D 52(1995)7066.
[36] A. Sen, Phys. Rev. Lett. 69(1992)1006.
13
